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Abstract
Numerical diagonalization methods are employed to study spin-1/2 spherical kagome clusters
realized in W72V30 and Mo72V30, where the former is expected to have the ideal symmetry
Ih and the latter is a little distorted. For the ideal model with Ih symmetry we calculate spin
correlation functions in the ground state, which resemble the spin-1/2 kagome antiferomagnet
closely. We also present the integrated density of states for W72V30 and Mo72V30, and discuss
the diﬀerence in magnetothermodynamics for both materials.
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1 Introduction
Kagome lattice is a two-dimensional network of corner-sharing triangles. Spin-1/2 Heisenberg
antiferromagnets on the kagome lattice, whose ground state is expected to be a resonating
valence bond (RVB) state [1], have been a central issue in the study of frustrate quantum spin
systems over the past few decades. Although theoretical studies have been predicting facilitating
properties associated with the RVB state [2, 3, 4, 5, 6, 7, 8], the experimental observation is
less-advanced because of the lack of adequate experimental materials.
Icosidodecahedron is also a two-dimensional network of corner-sharing triangles. This struc-
ture is similar to the kagome lattice, and thus icosidodecahedron can be considered as a kagome
on a sphere [9, 10]. Note that icosidodecahedron contains pentagons (odd-number sites) instead
of hexagons (even-number sites) in kagome lattice, which may lead to more prominent frustra-
tion eﬀects in icosidodecahedron. Spin-1/2 icosidodecahedrons, or spherical kagome clusters,
are realized in W72V30 and Mo72V30. The observation of RVB states in these spherical kagome
clusters is of great interest. We write our model Hamiltonian as
H =
∑
〈i,j〉
Ji,jSi · Sj , (1)
where 〈i, j〉 and Ji,j denote nearest neighbors and exchange couplings, respectively.
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Figure 1: Schematic illustrations of (a) Ih model and (b) D5h model.
In 2005, Mo70V30 was synthesized independently by Mu¨ller et al. and Botar et al., and the
susceptibility measurement indicated a singlet ground state [11, 12]. Mu¨ller et al. calculated
the magnetic susceptibility for the ideal spherical kagome cluster, eq. (1) with Ji,j = J , by
using the quantum Monte-Carlo method. (In this case, the model has Ih symmetry and will
be referred to as an Ih model [see Fig. 1(a)].) They made a comparison between calculated
and experimental susceptibilities at high temperatures and obtained J = 245 K. However, the
quantum Monte-Carlo calculation gave no information for low-temperature susceptibility due to
the sigh problem. Our group calculated the magnetic susceptibility for the whole temperature
by Otsuka’s method [10, 13], in which the density of states (DOS) is ﬁrst calculated by using
the Lanczos procedure and then thermodynamic properties are obtained via the DOS [14].
Unfortunately, it was found that the experimental susceptibility was not reproduced by Ih
model at low temperatures. In particular, the experimental spin gap is about one-fourth of
that of Ih model. In order to resolve the discrepancy, the distortion in Mo70V30 was taken
into account, and a distorted model with the D5h symmetry was introduced [see Fig. 1(b)]. If
the distortion exists, then each triangle unit becomes to be a isosceles triangle, which tends
to stabilize a ferrimagnetic phase with total spin of S = 0. Four exchange parameters in D5h
model was adequately chosen, then the experimental susceptibility of Mo70V30 was possible to
be reproduced. The small spin gap of Mo70V30 can be interpreted to indicate the system in
close proximity to the ferrimagnetic phase [13].
In 2009, Todae et al. synthesized W70V30 and measured its magnetic susceptibility [15].
This material was independently synthesized by Li et al., and they also carried out a high-energy
Raman scattering experiment [16]. Schnack studied thermodynamics of Ih model by using the
ﬁnite-temperature Lanczos method [17], and pointed out, via the analysis of theoretical and
experimental susceptibilities, that W70V30 is well described by Ih model [18]. He also showed
that the temperature dependence of speciﬁc heat of Ih model has three peaks. Our group made
speciﬁc-heat calculations under magnetic ﬁelds below the spin-gap energy [13]. As compared
with Mo70V30, speciﬁc heat of W70V30 has much more prominent low-temperature structure,
which shows substantial magnetic-ﬁeld dependence due to the existence of huge number of
spinon excitations. Also, numerical calculations of the Raman spectrum of W70V30 was carried
out to determine how the low-lying singlet states are observed via Raman scattering experiments
[13].
In the present paper, we ﬁrst demonstrate the similarity between the spherical kagome clus-
ter and kagome lattice systems by presenting our calculated results of ground-state corelation
functions. It will be shown that the dimer-dimer correlation functions have the feature con-
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sistent with the RVB spin liquid and the two systems have the same order of the energy gain
due to the resonance of various dimer conﬁgurations. Next, we give a berief review of our
previous results of magnetothermodynamics of W70V30 and Mo72V30 in [13] and then present
calculated results of the DOS of W70V30 and Mo72V30 to get deeper understanding of them. It
will be shown that the distortion results in rapid disappearance of the massive low-lying singlet
and triplet states in Ih model and the temperature dependence of speciﬁc heats of these two
materials are totally diﬀerent.
The present paper is organized as follows. In Sec. 2, we present spin-spin and dimer-dimer
correlation functions in the ground state of Ih model. In Sec. 3, we discuss magnetothermody-
namics of W70V30 and Mo72V30 on the basis of calculated results of the DOS. We summarize
our results in Sec. 4.
2 Ground-state correlation functions
In this section, we present our calculated results for spin-spin and dimer-dimer correlation
functions in the ground state of the Ih model.
2.1 Spin-spin Correlation functions
We begin with the spin-spin correlation function, 〈Si · Sj〉 = 〈ϕ|Si · Sj |ϕ〉, where |ϕ〉 denotes
the ground-state wave-function for the Ih model. We calculate |ϕ〉 via the Lanczos method
and obtain eight non-equivalent spin-spin correlation functions. Examples of distances between
sites, R = |Ri −Rj |, are given in Fig. 2 for the kagome lattice and spherical kagome cluster.
In Fig. 3, we show the correlation function as a function of inter-site distance R for the
spherical kagome cluster, together with those for the triangular-lattice and kagome-lattice sys-
tems. We ﬁnd that spin-spin correlation function for spherical kagome cluster resembles that
for kagome lattice, rather than triangular lattice. We have rapidly decreasing correlation func-
tions for the spherical kagome cluster and the kagome-lattice system, but it tends to survive
at large distance for the triangular-lattice case. Also, we note that the magnitude of spin-spin
correlation at R = 1 of the spherical kagome cluster is larger than that of the kagome lattice,
(a) (b) (c)
(d) (e) (f)
Figure 2: Schematic explanation of R = |Ri − Rj | for (a)-(c) Kagome lattice and (d)-(f)
spherical kagome cluster. Lengths of the dashed lines are, respectively, (a) R = 2, (b) R = 2.65,
(c) R = 3.61, (d) R = 1.62, (e) R = 2.40, and (f) R = 3.21.
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Figure 3: Spin-spin correlation function as a function of R = |Ri −Rj | for the ideal spherical
kagome cluster (ﬁlled circle). For comparison, the data for triangular lattice (open square) and
kagome lattice (open circle) are shown [19]. For both the triangular and kagome lattices, the
total number of sites is 36 and the periodic boundary condition is imposed.
which means that the spherical kagome cluster has an advantage in resonating valence bonds.
To be more precise, the ground-state energy of the spherical kagome cluster is E0 = −13.23.
Subtracting ﬁfteen valence-bond-energy, Evb = −
3
4 × 15 = −11.25, from E0, we have
Ers ≡ |E0 − Evb| = 0.176|Evb| for spherical kagome cluster, (2)
which can be viewed as the energy gain due to the resonance between various valence-bond
conﬁgurations. On the other hand, for 30-site kagome lattice system the ground-state energy
is E0 = −13.15, which leads to
Ers = 0.169|Evb| for kagome lattice. (3)
Thus, we ﬁnd the spherical kagome cluster has a slightly larger resonance energy.
2.2 Dimer-dimer Correlation functions
A dimer-dimer correlation function is deﬁned by
D(i,j)(k,l) = 〈(Si · Sj)(Sk · Sl)〉 − 〈Si · Sj〉
2, (4)
where (i, j) and (k, l) (= (i, j)) represent nearest-neighbor pairs of sites. The calculated results
are shown in Fig. 4, where the reference bond is chosen as (i, j) = (1, 3). Leung and Elser
calculated dimer-dimer correlation functions for the 36-site kagome lattice and found that the
dimer-dimer correlations can be interpreted in terms of a simple RVB picture [20]. Following
their discussion, we expect
〈Si · Sj〉  −
3
4
P(i,j), 〈(Si · Sj)(Sk · Sl)〉 
(
−
3
4
)2
P(i,j)(k,l), (5)
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Figure 4: Dimer-dimer correlation functions with respect to the reference bond of (i, j) = (1, 3):
(a) numerical values for each of bonds, and (b) another representation where thickness of
bond represents value of D(i,j)(k,l). In (b), the solid (dashed) lines mean D(i,j)(k,l) is positive
(negative).
where P(i,j) = 1/4 is the probability for occupying the nearest-neighbor bond (i, j) by a singlet
dimer, and P(i,j)(k,l) denotes that for occupying (i, j) and (k, l) by singlet dimers.
The reference bond (1, 3) is on the triangle (1,2,3), which is located next to trian-
gles (1,19,20), (3,4,5), (2,21,22). When (k, l) is on a more distant triangle, then we have
P(i,j)(k,l) = P
2
(i,j) = 1/16. When (k, l) is on one of the three triangles, then the occu-
pation of the ﬁrst dimer aﬀects the probability for the occupation of the second dimer.
For (k, l) = (19, 20), (4, 5), (2, 21), (2, 22)we have P(1,3)(k,l) = (1/4) × (1/2) = 1/8. For
(k, l) = (21, 22), the condition that the spin on site 2 must participate a singlet dimer leads to
P(1,3)(21,22) = 0. Thus, we obtain
D(1,3)(k,l) =
⎧⎨
⎩
9
256 = 0.035 for (k, l) = (19, 20), (4, 5), (2, 21), (2, 22)
− 9
256 = −0.035 for (k, l) = (21, 22)
0 for otherwise
, (6)
which explains qualitatively the local structure around the reference dimer in Fig. 4.
It is also found in Fig. 4 that there exist two bonds which are far from the reference bond
(1,3) but have large dimer correlations, D(1,3)(11,13) = −0.030 and D(1,3)(28,29) = 0.029. The
above-mentioned simple picture does not explain this result. It is interesting to calculate the
dimer-dimer correlations by a variational method with nearest-neighbor dimer covering [3],
which is a future problem.
3 Magnetothermodynamics
We turn to the study of magnetothermodynamics of W72V30 and Mo72V30, for which we use,
respectively, Ih model with J = 115 K and D5h model with J1 = 245 K, J2 = J3 = 0.9J1 and
J4 = 0.7J1. The spin gap of W72V30 is Δsg = 0.218J = 25.1 K = 19.2 T = 17.4 cm
−1 and that
of Mo72V30 is Δsg = 0.05J1 = 12 K = 9.4 T = 8.5 cm
−1 [13]. We calculate speciﬁc heats and
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Figure 5: Speciﬁc heats and entropies as a function temperature for (a) Ih model for W72V30
and for (b) D5h model for Mo72V30.
entropies, applying various magnetic ﬁelds below than the spin gaps. The calcuated results are
shown in Fig. 5. Schnack already calculated the speciﬁc heat for W72V30 without magnetic
ﬁeld [18]. His calculation method is diﬀerent from ours, but both calculated results agree with
each other.
For the both systems, entropy approaches to Smax = kBNA ln 2
30 = 172J/mol K at high
temperatures. A high-temperature peak in speciﬁc heat appears Tp  80 K for W72V30 and
Tp  140 K for Mo72V30. We are interested in low-temperature structure of the speciﬁc heat
19.2T
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Figure 6: Integrated DOS for (a) W72V30 and for (b) Mo72V30 as a function of excitation energy
ω. The insets show DOS for M = 0 and M = ±1. In (a), the integrated DOS of Mo72V30 is
also plotted by the gray line for comparison.
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for T  Tp. As compared with Mo70V30, the low-temperature structure of W70V30 is much
more prominent. We ﬁnd signiﬁcant magnetic-ﬁeld dependence below ∼ 10K = 0.40Δsg for
W70V30. From S(T = 10K) = 50 J/mol K, the low-temperature structure of the speciﬁc heat
comes from about 800 low-energy states. In order to check up the numbers of non-magnetic
and magnetic states in these 800 low-energy states, we present our calculated results of the
integrated DOS in Fig. 6. We ﬁnd in Fig. 6(a) that the total number of states reaches to 800
at ω = 31.8cm−1, which contains 360 non-magnetic states (M = 0) and 440 magnetic states
(M = ±1). As for Mo72V30, our entropy calculation gives S(T = 10K) = 18 J/mol K, which
shows that the lowest-temperature shoulder comes from about 10 lowest-energy states. We ﬁnd
in Fig. 6(b) that the total number of states reaches to 10 at ω = 10cm−1, which contains two
magnetic states. In Fig. 6(a), the integrated DOS for Mo72V30 is shown by the gray line, which
is several orders of magnitude smaller than W72V30. The diﬀerence is caused mainly by ∼ 20%
reduction of J4, and leads to quite diﬀerent low-temperature behaviors of speciﬁc heats.
It has been known the two-dimensional kagome lattice has huge numbers of non-magnetic
and magnetic excitations in its energy-eigenvalue distribution function, and a natural way to
understand the feature is RVB-type singlet excitations and spinon excitations. Our calculated
results for W72V30 suggests that this material provides new stage for experimental investigations
on unusual energy-eigenvalue distributions associated with a RVB state.
4 Summary
In summary, we have studied the S = 1/2 spherical kagome clusters by numerical diagonal-
ization methods and have shown similarity between the ideal spherical kagome cluster and the
two-dimensional kagome lattice. We have found that the behavior of the dimer-dimer correlation
function is consistent with the RVB picture, and furthermore the spherical kagome cluster may
have an advantage in resonating various dimer conﬁgurations than the two-dimensional kagome
lattice. Because the ideal spherical kagome cluster is expected to be realized in W72V30, it may
be possible to experimentally observe various facilitating properties associated with the RVB
state in this system. Needless to say, experimental investigations of magnetothermodynamics
on W72V30 is extremely signiﬁcant ﬁrst step in this direction. As for the distorted system
Mo72V30, Nojiri et al. measured low-temperature speciﬁc heat under magnetic ﬁelds very re-
cently, and reported that the calculated results for the D5h model in Fig. 5(b) are consistent
with the experimental results [21].
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